We briefly compare in numerical simulations the relativistic ionization front and electron bunch seeding of the self-modulation of a relativistic proton bunch in plasma. When parameters are such that initial wakefields are equal with the two seeding methods, the evolution of the maximum longitudinal wakefields along the plasma are similar. We also propose a possible seeding/injection scheme using a single plasma that we will study in upcoming simulations works.
Introduction
Seeding a process consists in providing a signal level larger than the noise level present in the system, from which the process could uncontrollably grow. With seeding, the process grows from a known and controllable initial signal. The final state of the system may be the result of non-linear evolution, but when seeded, the final state is uniquely related to the seed signal both in amplitude and phase. In the case of self-modulation (SM) of a relativistic (v b ∼ = c), charged particle bunch in plasma [1] , the process is the transformation of the long, continuous bunch into a train of shorter micro-bunches through the effect of the periodic transverse wakefields. The important wakefields final parameters are their amplitude and their phase with respect to the seed point. This is key for external injection of a bunch of particles to be accelerated by these wakefields. This bunch must be short with respect to the wakefields period. It must be injected in a narrow phase range of accelerating and focusing wakefields, whose extent is on the order of one quarter wakefields period (plasma wakefields linear theory [2] ). Reproducibility of the wakefields amplitude and phase means that the electron bunch can be injected with a fixed time delay (or phase) with respect to the seed signal. Reproducibility is necessary for loading of the wakefields and in general to be able to produce a quality accelerated bunch, eventually using feedback systems, as in conventional accelerators.
The period of (linear) wakefields in an initially neutral plasma of uniform electron density n e0 is given by the plasma wavelength λ pe = 2πv b /ω pe ∼ = 2πc/ω pe . Here ω pe is the angular plasma electron frequency. 1 The bunch is considered as long, when longer than λ pe : σ z λ pe , σ z the root-mean-square (RMS) length of a Gaussian bunch. Micro-bunches are separated by, and are shorter than λ pe . For the bunch to be stable against the current filamentation instability [3] and to effectively drive wakefields, its transverse size must also be smaller than the cold plasma collisionless skin depth c/ω pe . In the following, size comparisons refer to λ pe or c/ω pe .
Self-Modulation Seeding
Methods to provide seed wakefields include: Short, intense laser pulse or particle bunch preceding the bunch to self-modulate; Sharp rise of the long bunch density; And relativistic ionization front traveling with and within the long bunch. Each method has pros and cons. In experiments, the seeding method is chosen with respect to practical considerations, e.g. availability of a laser pulse or particle bunch, long bunch parameters, plasma creation process, etc. Producing a sharp rising edge in the long bunch is practical with low energy particles [4] . Experiments have shown that a 60 MeV electron bunch drives multiple wakefields periods along itself [5] . These can serve as SM seed wakefields. However, for bunches of high-energy particles (e.g., 400 GeV proton), this seeding method requires parameters and means (relative energy spread at the %-level, magnetic dog-leg or chicane) that are proportional to the particles inertia (γm, γ their relativistic factor) and become quickly prohibitive in size and cost.
Relativistic Ionization Front Seeding
The relativistic ionization front method requires a short laser pulse co-propagating within the proton bunch and a low ionization potential gas or vapor to keep the laser pulse intensity relatively low. In this case, it is the fast creation of plasma and the onset of beam plasma interaction within the bunch that drives the seed wakefields. This method was very successfully used in the AWAKE experiment [6] with a rubidium vapor of density (1-10)×10 14 cm −3 and with a laser pulse 120 fs-long (λ 0 = 780 nm) and an intensity I 0 ∼10 TW/cm 2 to fully ionize the atoms of their first electron [7, 8] . We note that with these parameters the value of the laser pulse a 0 ∼ = 8.6 × 10 −10 λ 0 [µm]I 1/2 0 [W/cm 2 ] reaches only ∼ = 0.01. This places laser wakefields excitation by the laser pulse in the linear regime. That means that the longitudinal wakefields amplitudes it drives is on the order of ∼ = π 4 a 2 0 2 E W B [9] , i.e., 100 kV/m, where E W B = m e cω pe /e is the cold plasma wave breaking field (n e0 = 7 × 10 14 cm −3 ). This amplitude is much smaller than that of the wakefields at the ionization front, which is on the order of MV/m (see below). Thus SM seeding occurs because of the sudden onset of beam plasma interaction at the ionization front, not because of the wakefields driven by the laser pulse.
In the relativistic ionization front seeding method, the seed wakefields amplitude can be defined as the wakefields driven by the bunch at the location of the ionizing laser pulse or ionization front. In the case of a long bunch, with low density n b n e0 , the seed wakefields amplitude can be calculated from linear plasma wakefields theory [2] considering the bunch density does not change over a few wakefields periods behind the ionization front. In this case, the seed amplitude is W ⊥ = 2 en bξs 0 k 2 pe dR dr | r=σr , where R(r) reflects the transverse dependency of the wakefields on the bunch transverse profile. The bunch density at seed location ξ s is n bξs . When k pe σ r ∼ = 1, k pe = ω pe /c, dR dr | r=σr ∼ = k pe . For parameters of AWAKE, the seed wakefields amplitude reaches a few MV/m [8] and exceeds that driven by the ionization front when placed near the bunch peak density location. The longitudinal wakefields amplitude is W = en bξs 0 kpe R(r) and reaches values similar to those of W ⊥ .
This seeding method has a number of favorable characteristics. First, it only requires a laser pulse short when compared to the wakefields period and intense enough to ionize a gas or vapor. This is easily satisfied with lasers available today when operating at low plasma density and with a low ionization potential vapor, e.g., alkali metals [10] . We note here that ionization occurs on a time scale on the order of the laser field period, even shorter than the pulse length in most cases.
Second, the seed wakefields are driven by the bunch to self-modulate. That means that there is natural alignment between the seed wakefields and the bunch. This is important so as not to seed the non-axi-asymmetric hose instability (HI) mode [11, 12] . Third, the seed wakefields naturally have the same transverse structure as that driven by the bunch to self-modulate. This may not be the case when seed wakefields are generated by a driver preceding the long bunch. Fourth, a replica of the ionizing laser pulse, thus (perfectly) synchronized with it, can be used to drive an RF gun that provides a synchronised electron bunch for external injection.
The laser pulse serves two purposes that can be decoupled: plasma creation by itself and, in conjunction with the drive bunch, wakefields seeding. Ionization depletes the energy of the laser pulse and thus limits the plasma density/length product that can be created by this ionization method. This also limits the maximum energy gain by witness bunch particles externally injected into the wakefields.
To avoid staging and its intricacies, acceleration in a single, preformed and very long plasma may be desirable. Also, as the wakefields phase velocity varies during growth of the SM process [13] , external injection of electrons to be accelerated at a location downstream from the SM saturation point may be desirable.
The ionization front seeding method leaves un-modulated the fraction of the long bunch ahead of the seed point since it travels in neutral vapor or gas. However, propagation of the bunch with its front un-modulated in a pre-formed plasma means that self-modulation instability may grow in the bunch front. This growth would generate wakefields that would add to the ones driven by the self-modulated back part of the bunch. Since the SMI in the bunch front is not seeded, the phase of those wakefields is not controlled and may be different from event to event. By causality, these wakefields would also perturb the self-modulated bunch train itself and probably prevent acceleration and quality preservation of the injected electron bunch. Self-modulation instability of the whole bunch in a pre-formed plasma, in this case with the ionizing laser pulse placed ahead of the proton bunch, was observed experimentally [14] . A seeding method that leads to the entire bunch self-modulation may therefore be required.
Electron Bunch Seeding
We consider here self-modulation seeding using an electron bunch. This is natural since an electron accelerator is necessary for external injection. Also, driving large amplitude wakefields over a few meters of plasma with a laser pulse may be challenging. For effective seeding the electron bunch may have to drive wakefields with the same transverse structure as that driven by the long bunch. Therefore, the electron bunch may have to have the same transverse size as the un-modulated, long bunch. This places constraints on the bunch charge since the transverse size of the wakefields and thus of the drive bunch may be quite large at low plasma density, i.e., 200 µm at n e0 = 7×10 14 cm −3 . Misalignment between the electron and the long bunches may act as seed for the HI of the long bunch. This could be somewhat mitigated by making the electron bunch radius larger than that of the long bunch, though global misalignment would persist. Also, since the long bunch satisfies k pe σ rp + ∼ = 1, theory predicts that the electron bunch with k pe σ r > 1 is subject to the current filamentation instability (CFI) [3] . Experiments with a low energy electron bunch showed that CFI only occurred for k pe σ r > 2.2, i.e., when at least two filaments can be formed out of the original bunch [15] .
The length of the seed bunch must be < λ pe /2 and its charge sufficient to drive the required seeding amplitude value. The long bunch has an initial density n b0 smaller than that of the plasma (over-dense plasma). Seed wakefields, for example when seeding with an ionization front, are thus in the linear plasma wakefields theory regime (n b0 n e0 [2] ). When using an electron bunch to seed the wakefields, the electron bunch parameters, such as density and length, can be chosen independently from those of the proton bunch. For example, they can be chosen so the bunch drives non-linear wakefields, possibly in the blow-out regime. The development of seeded self-modulation (SSM) from wakefields with amplitude equal or larger than that driven by the self-modulated wakefields may be quite different than from linear wakefields. In particular, the saturation length may be quite shorter and issues related to wakefields phase velocity during the growth of the SSM mitigated [13] .
Also, the linear transverse seed wakefields are focusing (or null) over most of the bunch length. These develop into focusing and defocusing wakefields during the growth. Transverse seed wakefields driven by the electron bunch, i.e., behind the electron bunch placed ahead of the proton bunch are already periodically focusing and defocusing. This affects the development of the SM process.
A major issue may also be that, depending on the electron bunch parameters, the seed wakefields can be present over a distance much longer than the saturation length of the SM process. Though of lower amplitude than that of the fully developed self-modulated wakefields, these can also interfere with acceleration over long distance. For example, their phase remains constant over the plasma length whereas that of the self-modulated bunch drifts backwards over the growth region [13] . One solution may be to choose the seed bunch energy so that it is depleted by the seed wakefields (its own) over a length on the order of the SM-process saturation length or on the order of the length necessary for the self-modulating bunch to drive wakefields of amplitude comparable to that of the seed ones.
Transverse evolution of the seed bunch and possible matching to the plasma focusing force are other topics of research.
Seeding Methods Comparison
Using particle-in-cell simulations with OSIRIS [16] in 2D cylindrical coordinates, we briefly compare seeding of the SM process of a proton bunch with a sharp cut long bunch representing seeding by an ionization front, and by a preceding particle bunch. We choose the cut bunch case as reference. The proton bunch has a Gaussian longitudinal profile with a root-mean-square (RMS) length of σ b = 6 cm and a bi-Gaussian transverse profile with a RMS radius 200 µm. Its charge is 48.1 nC, and it has a Lorentz factor of γ p + = 426. Its normalized emittance is 3.6 mm-mrad. For this case we place the cut in the center of the proton bunch (the point where its density is the highest). The plasma density is 7×10 14 cm −3 . This yields a seed amplitude that we define as the longitudinal wakefields amplitude immediately behind the cut of 13.5 MV/m (or 5×10 −3 E W B , E W B =2.55 GV/m). We note here that we quote longitudinal wakefields amplitudes because they can always be evaluated on the system axis. Transverse wakefields amplitudes are zero on axis, and depend on the the radius where they are evaluated (usually at r = σ r ). However, since the bunch and the micro-bunches radii change along the SM process, quoting such amplitudes becomes ambiguous. The maximum longitudinal electric field along the bunch as a function of propagation in the plasma, together with the position along the bunch where that amplitude is reached, are plotted on Fig. 1 as the blue lines. As was shown before, the maximum wakefields amplitudes grows from its seed value, saturates around z = 450 cm at ∼820 MV/m (0.32 E W B ) and decays after that. The position of this maximum amplitude shifts quickly from the bunch front to approximately two RMS lengths behind that point for the first meter and a half, after which it remains close to one RMS length behind the seeding position, until the maximum field starts decreasing. In the decreasing portion, the maximum is found around two and a half RMS lengths from the seeding position.
We now consider a seed bunch that drives wakefields with a constant amplitude, which is equal to that of the cut bunch. We note that, in this case, the sum of the seed bunch wakefields and long bunch adiabatic response are equal to the wakefields of the cut bunch at the peak of the bunch current profile (the seed point). Also, the seed bunch drives defocusing fields along the proton bunch ahead of the bunch center, a major difference from the ionization front seeding case. It is clear that the two situations are not identical, however, we consider them as sufficiently similar to draw some important conclusions. The maximum electric field and its position along the bunch for this seeding case are also plotted on Fig. 1 as the yellow lines. The seed bunch we consider has a negative charge, and we increase the mass of its particles by ten orders of magnitude compared to the mass of an electron. This is a way to avoid transverse evolution and dephasing of the seed bunch along the simulation that would occur with a low energy electron bunch not matched to the plasma focusing force. The RMS length is chosen to be 300 µm, short when compared to the wakefields period (1270 µm). The bunch has a Gaussian longitudinal profile and bi-Gaussian transverse profile with a size of 200 µm, equal to that of the proton bunch. The energy of the seed bunch particles is sufficient to drive a seed wakefields amplitude over the whole propagation distance (10 m) without dephasing with respect to the wakefields. The seed bunch is placed 631 ps ahead of the proton bunch peak density point.
In this case the wakefields also grow and saturate. However, they reach a higher peak value at saturation, ∼1200 MV/m (0.47 E W B ). Saturation is reached around ∼500 cm. The fields also decrease after saturation. The position of this maximum field follows the same trend as that with cut bunch seeding, but around one RMS length closer to the bunch center. The evolution of the maximum field is not significantly different in both cases, especially considering plasma length necessary for saturation of fields and distances useful for acceleration, i.e., after saturation.
We now consider the case of seeding with five times the charge of the previous case. As a result of the charge increase, the seed wakefields amplitude is ∼65.2 MV/m (0.025 E W B ), with results plotted as the purple lines on Fig. 1 . The maximum value is similar to that of the previous seeding case, ∼1100 MV/m (0.43 E W B ), and reached a bit earlier, at z = 330 cm. However, the field decreases in the same manner as in the previous two cases, and reaches about the same amplitude at 10 m.
We further use a seed bunch with a charge increased by twenty times compared to the first seed bunch charge, with results plotted on Fig. 1 as the green lines. In this case, the seed wakefields amplitude is 298 MV/m (0.12 E W B ). Since the seed bunch charge density is approximately 17% of the plasma density, seed wakefields are in the quasi-linear regime, giving an amplitude 19% higher than that predicted by linear theory. The maximum longitudinal field is reached even earlier than in the previous cases, at about 200 cm, and approaches ∼1400 MV/m (0.5 E W B ), also higher than before. After the peak, the train of micro-bunches reaches a stable configuration with a maximum amplitude of ∼495 MV/m (0.19 E W B ), only about 200 MV/m higher than the seed level. The position of the maximum field is stable at half a RMS length in front of the bunch center, starting at about 400 cm.
In the high charge seed bunch case, seed wakefields are already large and quickly reach the non-linear regime, as seen in Fig. 2 for the longitudinal wakefields. A large fraction of the wakefields period (>50%, the linear regime value) is defocusing for protons. This leads to a faster increase and steeper decrease of the maximum wakefields amplitude. For all cases, except the case with the maximum seed bunch charge, the system keeps evolving, expelling protons over the full plasma length, and producing wakefields of decreasing amplitude.
In the case of the largest seed bunch charge (3.69 nC), protons are expelled fast enough to only leave behind narrow micro-bunches that resonantly drive wakefields. This produces a system that drives wakefields with constant amplitude and evolves very slowly (z >300 cm). The proton bunch charge decreases continuously for the first 500 cm of the plasma, thereafter it has a value around 10% of the initial bunch charge. For completion, we also performed a simulation using the same conditions as with particle bunch seeding, but without seed bunch. The proton bunch is cut at three RMS lengths ahead of the bunch center, leading to low seed wakefields of 150 kV/m amplitude (6×10 −5 E W B ), compared to any of the other types of seeding used previously. The SM evolves more slowly (orange lines on Fig. 1 ). The longitudinal fields reach a peak amplitude at around 700 cm, after which they start decreasing as in the other cases.
Numerical studies are ongoing to have an in-depth understanding of the electron bunch seeding process and to determine how a plasma density step placed in the growth region of the SM growth can maintain the field at approximately their saturation values [17] even with this seeding method.
Electron Bunch Seeding and Acceleration in a Single Plasma
When conceiving of an accelerator based on wakefields driven by seeded wakefields resulting from self-modulation of a long bunch, one would naturally envisage separating the SM from the acceleration process. The self-modulation would be seeded with an electron bunch for the reasons outlined above. The electron bunch to be accelerated would be injected after the first short, selfmodulation plasma, and on-axis into the long, acceleration plasma [18] . Since the accelerated bunch must create blow-out and load the wakefields [19] , its wakefields amplitude must be similar to that of the self-modulated proton bunch. However, in practice, the injection section, between the two plasmas, is quite compact, difficult section to design, build and diagnose [20] .
One could then envisage simplifying the plasma and injection scheme by injecting all three bunches right at the entrance of a single plasma, as shown on Fig. 3 . Because the accelerated Figure 3 . Schematic set-up for injection of the three bunches, electron seed, proton and accelerated electron bunches in a single plasma (not to scale). The seeding process leads to modulation of the entire proton bunch. The relative timing of the three bunches is for illustration only. Accelerated electrons go to a high-energy physics experiments, protons are dumped. bunch drives wakefields with amplitudes similar to those of the self-modulated proton bunch [19] , it could remain weakly affected by the proton bunch wakefields both in the (probable) density ramp at the plasma entrance and by the growing wakefields. Moreover, its relative timing with respect to the seed electron bunch and proton bunch could be chosen to minimize these effects (if any).
The seed electron bunch would lose most of its energy and thus drive wakefields that would be overwhelmed by those of the self-modulated proton bunch. It would therefore disappear naturally after some distance, as low energy electrons, and not affect the wakefields or the proton bunch after that.
